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Abstract When interfacial layers are viewed as a separate phase, the interface thickness plays
an essential role in assessing physico-mechanical properties of particulate materials. However, the
interface thickness from sectional analysis is often overestimated, due to the irregularity of surface
textures of grains in opaque materials that gives rise to the normal of a cross-sectional plane
non-perpendicular to the surface of grains. Hence, the determination of the overestimation degree
is very critical to precisely obtain the interface thickness. This article develops a numerical model
for the overestimation degree of the interface thickness around an ellipsoidal grain with an arbitrary
aspect ratio, by applying an accurate sectional analysis algorithm, and quantitative stereology and
geometrical probability theories. Furthermore, on the basis of the developed numerical model,
the inﬂuence of ellipsoidal particle shape on the overestimation degree is quantitatively charac-
terized. c© 2013 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1305408]
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It is well known that relative porous interfacial
layers exist around grains in soft matter and particu-
late composites, such as cementitious materials and ce-
ramic materials, due to the wall eﬀect of grains.1,2 It
has been experimentally and numerically investigated
that microstructural characteristics of interfacial layers
such as the thickness and volume fraction of interfa-
cial layers play an important role in macroscopic phys-
ical properties of materials.3,4 However, the actual in-
terface thickness is diﬃcult to evaluate because of the
opacity of interior structures of most particulate ma-
terials. Commonly, sectional analysis is employed to
derive the apparent interface thickness for various nu-
merical models.5–7 Since surface textures of irregular-
shaped grains are very complicated, the apparent in-
terface thickness tends to be overestimated comparing
to the actual interface thickness, since the normal of a
cross-sectional plane is seldom perpendicular to the sur-
face of grains. It is therefore of huge challenge on the
accurate estimation of the interface thickness in partic-
ulate materials.
In order to provide correct information on the inter-
face thickness, it is crucial to determine the overestima-
tion degree between the apparent value and the actual
value for the interface thickness. In previous researches,
the overestimation degrees for two-dimensional (2D)
circular, elliptical, rectangular, and three-dimensional
(3D) spherical grains have attracted attention.8–11 For
instance, Stroeven8 proposed the overestimation de-
gree for circular particle equivalent to π/2 by quantita-
tive stereology. Afterwards, the overestimation degrees
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for elliptical and rectangular particles were also inves-
tigated by computer simulation.9,10 It is worth men-
tioning that, by applying geometrical probability the-
ory, Chen et al.11 put forwards to a general expression
for the overestimation degree of the interface thickness
around convex-shaped grains, however, which subjects
to a so-called correction factor α (will be introduced be-
low). Also, the correction factors for circular and spher-
ical grains were only proposed in that work. Regardless
of these promising researches in the ﬁeld, results are
missing for considering the overestimation degree for el-
lipsoidal particle. It is of particular interest, as a more
suitable approximation for real grains, ellipsoidal parti-
cles have been extensively used to simulate aggregates
in the modeling study of materials. It is our intention
in the present work to address this gap.
At microscopic scale, particulate materials can be
regarded as a three-phase composite structure, com-
posed of the matrix, ellipsoidal grains, and interfa-
cial layers with a constant thickness t coated around
the grains.3–5 As shown in Fig. 1, an interfacial layer
around an ellipsoidal particle E1 with the equivalent
diameter Deq1 characterizing its size
2,4 and the aspect
ratio κ1, can be represented as the remaining region
that the external ellipsoid E2 with the equivalent diam-
eter Deq2 and the aspect ratio κ2 minus the grain. A
cross-sectional plane intercepting the grain is equivalent
to a set of parallel lines in that plane, in other words,
the mean apparent interface thickness from the cross-
sectional plane analysis is consistent with the statistical
mean intercept length from those of sets of parallel lines
intersecting the interfacial layer. Thus, the statistical
mean apparent interface thickness ta around E1 can be
obtained by calculating the mean intercept length L1
from sectional lines intersecting E1 and the mean in-
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tercept length L2 from sectional lines intersecting E2.
Without loss of generality, let a set of sectional lines
parallel to the y-axis of a global Cartesian coordinate
system and traverse E1, as shown in Fig. 1. According
to Cauchy’s theorem,12 the average intercept length L1y
along the y-axis from the set of sectional lines intersect-
ing E1 can be denoted as
L1y =
πD3eq1
6A1xz
, (1)
where A1xz is the projected area of E1 mapping onto
the xz-plane.
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Fig. 1. Schematic view of a set of sectional lines intercepting
an ellipsoidal aggregate and its interfacial layer.
It is worth pointing out that L1y can not replace L1,
because the mean intercept length L1 mentioned above
should be the average value over all possible directions,
not just one parallel set. It means that the average pro-
jected area A1 of E1 mapping over all directions must
be determined. Fortunately, the average projected area
A of an ellipsoidal particle with its equivalent diame-
ter Deq and the aspect ratio κ can be calculated on
the basis of quantitative stereology13 and the previous
works2,4,11
A =
πD2eq
4n(κ)
, (2)
where n(κ) is the shape descriptor of the ellipsoidal par-
ticle dependent of its aspect ratio κ, i.e.,
n(κ) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
2κ2/3 sinϕ
sinϕ+ κ2arctanh(sinϕ)
, κ < 1,
1, κ = 1,
2κ2/3 tanϕ
tanϕ+ κ2ϕ
, κ > 1,
(3)
where ϕ is deﬁned as ϕ = arccos η, η = 1/κ (prolate
ellipsoid, κ > 1) or η = κ (oblate ellipsoid, κ < 1).
Consequently, the mean intercept length L1 from sec-
tional lines intersecting E1 is given as
L1 =
πD3eq1
6A1
=
2
3
Deq1n(κ1). (4)
Similarly, the mean intercept length L2 from sec-
tional lines intersecting E2 is written as
L2 =
πD3eq2
6A2
=
2
3
Deq2n(κ2). (5)
Based on the deﬁnition of the equivalent diameter2,4
and the geometrical morphology of the interfacial layer
(Fig. 1), Deq2 can be expressed as
Deq2 =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(
Deq1κ
2/3
1 + 2t
)
·(
Deq1κ
2/3
1 + 2t
Deq1κ
−1/3
1 + 2t
)−2/3
, κ1  1,
(
Deq1κ
−1/3
1 + 2t
)
·(
Deq1κ
2/3
1 + 2t
Deq1κ
−1/3
1 + 2t
)1/3
, κ1 > 1.
(6)
It might therefore seem that the statistical mean appar-
ent interface thickness would be (L2 − L1)/2. While it
is actually not this situation, because sets of sectional
lines intersecting with the grain are only valid, those of
sets of sectional lines located within the region of the
interfacial layer are invalid, as shown in Fig. 1. Hence,
in Eq. (5), the denominator should be eventually A1
rather than A2, and D
3
eq2 should further be replaced
by [D3eq2 − α(D3eq2 − D3eq1)], where α is a correction
factor and its geometrical interpretation is exactly the
mean ratio of the volume of the excluded region (i.e.,
the region untouched by the valid sectional lines) to the
interface volume, which is dependent of the grain shape
and the actual interface thickness. Thus, the statisti-
cal mean apparent interface thickness ta around E1 is
displayed as
ta =
1
2
{
π
[
D3eq2 − α
(
D3eq2 −D3eq1
)]
6A1
− πDeq1
6A1
}
=
n(κ1)
3D2eq1
(1− α) (D3eq2 −D3eq1) . (7)
Therefore, the overestimation degree Od of the inter-
face thickness around E1 is characterized as the ratio
of the statistical mean apparent thickness to the actual
thickness of the interfacial layer
Od =
ta
t
=
n(κ1)(1− α)
(
D3eq2 −D3eq1
)
3tD2eq1
. (8)
As depicted in Eqs. (6) and (8), when the size
and shape of E1 are known, the overestimation degree
mainly depends on the correction factor α. Neverthe-
less, as described by Chen et al.,9–11 it is a very diﬃcult
task to determine the correction factor for 3D nonspher-
ical aggregates. In this contribution, a systematical line
sampling algorithm is applied to derive numerically the
correction factor α for ellipsoidal aggregate particles.
The implementation of the present algorithm is simi-
lar to that for the correction factor with 2D circular
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Fig. 2. Numerical results of the correction factor and
overestimation degree Od of the interface thickness around
the ellipsoidal particle E1 with various aspect ratios.
particles.10 Detailed descriptions on the numerical al-
gorithm will be elaborated in the near future.
Thus, by the present algorithm, Fig. 2(a) presents
the numerical results of the correction factor α for E1
with the aspect ratio of κ1 = 0.4, 1.0, 2.0, respectively,
where the equivalent diameterDeq1 of E1 increases from
0.125 mm to 16 mm and the actual interface thickness
t is kept ﬁxed equivalent to 0.05 mm. Additionally, the
theoretical results of α for the spherical particle (i.e.,
κ1 = 1.0) by Chen et al.
11 are employed for compari-
son. From Fig. 2(a), it can be seen that the numeri-
cal results of α from the present algorithm are in good
agreement with that by Chen et al.11 It means that the
present numerical algorithm is used to obtain the cor-
rection factor with a favorable accuracy. Based on the
derived α and Eq. (8), Fig. 2(b) displays the numerical
results of the overestimation degree Od of the interface
thickness around E1 with the three aspect ratios. Simi-
larly, we also compare the numerical results of Od with
the theoretical results for the spherical particle by Chen
et al.11 As shown in Fig. 2(b), the two schemes for the
overestimation degree are good consistent. It further
validates the reliability of the present numerical model
for the overestimation of the interface thickness around
ellipsoidal aggregate which is favorable. Moreover, it
can be seen from Fig. 2 that, for the same Deq1 and t,
the numerical results for α and Od of spherical particle
are larger than prolate particle with κ1 = 2.0, and those
of prolate particle with κ1 = 2.0 are larger than those
of oblate ellipsoidal particle with κ1 = 0.4. It indicates
that the assumption of the spherical aggregate particle
overestimates the mean apparent interface thickness.
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